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Abstract 

Let J£ be a real power of the integration operator Jk denned on Sobolev 
space Wp[Q, 1]. We investigate the spectral properties of the operator Af. = 
©" = iAjJ£ defined on ©" =1 W*[0, 1]. Namely, we describe the commutant 
{^4^}', the double commutant {A^}" and the algebra Alg^. Moreover, we 
describe the lattices Latj4^ and HypLat of invariant and hyperinvariant 
subspaces of Af., respectively. We also calculate the spectral multiplicity /j,A k 
of Ak and describe the set CycA^ of its cyclic subspaces. In passing, we 
present a simple counterexample for the implication 

HypLat(^ © B) = HypLat A © HypLat B Lat(A © B) = Lat A © Lat B 

to be valid. 



1 Introduction 

It is well known [§] EDI HUH ES] that the Volterra integration operator J : f(x) — > 
Jq f(t) dt as well as its real powers J a play an exceptional role in the spectral theory 
of nonself adjoint operators in L 2 [0, 1]. The paper is devoted to the spectral analysis 
of direct sums of multiples of powers J a of the integration operator J in Sobolev 
spaces. To describe its content we first briefly recall basic facts on the integration 
operator. 

It is well known P, EUJ [33], [36] that J is unicellular on L p {0, 1] for p E [1, oo) and 
the lattice Lat J of its invariant subspaces is anti-isomorphic to the segment [0, 1]. 
The same is also true (see [201 136] ) for the simplest Volterra operators 

J a : /(*)-> / {X '\ f(t)dt, a>0, 

Jo r(a) 

being the positive powers of the integration operator J. 
More precisely, it is known (see [HI [20] [33], [36] ) that 

Lat J a = HypLat J a = {E a : a G [0,1]}, 

E a : = {/ G L p [0, 1] : f{x) = for a.a. x G [0, a]}. 



Description (11 .ip yields (and, in fact, is equivalent to) [201 EH] the following 
description of cyclic vectors of J a 



This condition is called the e - condition. 

Description (11.11) of HypLat J a is closely connected with the description of the 
commutant {J a }'- The commutant {J}' of the operator J defined on L 2 [0, 1] as well 
as the (weakly closed) algebra Alg J generated by J and I were originally described 
by D. Sarason [H] (see also a simple proof in [18]). Another, description of Alg J 
for J acting in L p [0, 1] has also been obtained in [29J, [30]. Namely, it was shown 
in [291 EQ] that if J is defined on L p [0, 1] (1 < p < oo), then {J a }' = A\gJ a and 
K G {J a }' if and only if it is bounded and admits a representation 



where p'~ + p"" 1 = 1. Using a criterion of boundedness of K defined on L%[0, 1] 
(see [30, Proposition 3.1']) it can easily be shown that for p = 2 description ( 11.31) is 
equivalent to that obtained in [44] . 

Now, let A = J a (gi B{= ©™ =1 Aj J a ) be a tensor product of the operator J Q 
defined on L p [0, 1] and the nxn nonsingular diagonal matrix B = diag(Ai, . . . , A n ) G 
C nxn . The investigation of such operators with B = B* was initiated by G. Kalisch 
[24j. He has extended the known Livsic theorem (see [3 [20]) to the case of (abstract) 
Volterra operators with finite-dimensional real part and characterized those of them 
that are unitarily equivalent to A with B = B* and a = 1 (see also [9j [20]). 

Later on, sufficient conditions for a Volterra operator 
K : / — > f K(x,t)f(t) dt defined on L p [0, 1] (g> C n to be similar to the operator A 
have been indicated in [32]. So, A may be treated as a similarity model for a wide 
class of Volterra operators. This result has been applied in [32J to the problem of 
unique recovery of a Dirac type system by its monodromy matrix (see also references 
therein) . 

Further, one of the authors [2H1 EI] described the lattices LatA and HypLat A 
and the set CycA of cyclic subspaces of the operator A = J a ® B{= ©™ =1 AjJ Q ) 
defined on L p [0, l]®C n , p G (1, oo). In particular, in [291 El] necessary and sufficient 
conditions for a sequence {Aj}™ =1 guaranteeing the splitting of each of the lattices 
LatA and HypLat A, as well as of the commutant {^4}' and double commutant {^4}" 
of A were found. More precisely, it was proved in [2H1 EI] that each of the following 
relations 



/ is a cyclic vector for J a <^ 




(1.2) 




(1.3) 



n 



Lat0A,J- 



a 



LatA, J' 



(1.4) 



n 



n 



HypLat Aj J' 



■a 



HypLat Aj J , 



(1.5) 




(1.6) 
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is equivalent to the condition 



argAj 7^ argAj (mod 2n) 1 ^ i < j ^ n. (1.7) 

Some partial cases of the equivalence (jl.4p 7ft have been obtained earlier in 
[231 ESI SO] (see Remark I2~2"UD . 

It is easily seen that (11.61) is equivalent to the following fact : for any A (0, +oo) 
an operator equation 

J a X = XX J a (1.8) 

has only zero bounded solution X. Moreover, in [291 [31] a description of all nonzero 
solutions X of (11. 8p with A G (0, +oo) was obtained. Recently, equation (11.81) . and 
even more general ones with a bounded A in place of J a , has attracted attention of 
several mathematicians (see, for instance, [3 El [26], and [H [10], US] ) . In particular, 
some results from [29] on equation ( 11. 8ft were rediscovered in [5] and [26] (the case 
a = 1) and in [6] (the case a e Z + \ {0}). These authors treat any solution X of 
AX = XX A as an extended eigenvector of A (see Remark 12.221 (2)). 

Note also that if (II. 7p is not fulfilled then A is not cyclic. The set CycA of cyclic 
subspaces of A was described in [29, 3 lj by using a notion of ^-determinant (see 
Definition 12.151) . For example, vectors fi := (fiijfu), fi '■= (/2i,/22) generate a 
cyclic subspace of the operator A = J © J defined on L p [0, 1] © L p [0, 1] if and only 

if the function *-det (y 1 ) : = fn * ^22 — /12 * /21 satisfies e - condition ( 11.2ft 

V/21 J22 / 

(here f * g stands for the convolution of functions f,g€L Li[0, 1] : (/ * g)(x) : = 
J x f(x-t)g(t)dt). 

Passing to the case of the Sobolev space we should mention the pioneering work 
of E. Tsekanovskii [46J. More precisely, it is shown in [IB] (see also [H]) that the 
integration operator Jk : f(x) — > f Q f(t)dt defined on W£ [0, 1] is unicellular too 
and Lat Jfc consists of continuous part Lat c Jk and discrete part Lat d Jk, Lat Jk = 
Lat c J k U Lat d J fc . Here 

lat c J k ={E k y. a6(0,l]}u% 
£aV={/eiy p fc [0,l]:/(x)=0 forxe[0,a]}, E 0fi := W k [0,l], 

is a continuous chain and Lat d J k = {E k }f =0 with E\ := W k [0, 1] and 

E\ = {fe W k [0, 1] : /(0) = ■ • • = /^-'-^(O) =0}, / G {1, . . . , k - 1}, (1.10) 

is a discrete chain. It is clear that, for ^ a\ ^ a?, ^ 1, 

{0} = £* C < C < C El, 

= W k [0, l] = E k cE k C---C E k = W p % 1]. 

In p2] we investigated the spectral properties of the complex powers J% of the 
integration operator J k defined on Sobolev space W^[0, 1]. Namely, in [16] were 
described the lattices Lat and HypLat J%, the set of cyclic subspaces Cyc J%, the 
operator algebra Alg J%, the commutant {J k }' and the double commutant { J£ }". In 
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particular, it turns out that {J k }' = {J k }" and {J k }' and Alg can be described 
as follows: 

Re{J%y^(Rf)(x) = cf(x)+[ r(x-t)f(t)dt, reW^-%1], (1.11) 

Jo 

ReA\gJ% 

[R E {J%}', r«(0) = 0, m<[^], 1 < a ^ k - 1, (1.12) 

^\i?G{Jn', rG% fc o '[0,1], " 2<*<a+i 

It was also shown in [16] that the operator J£ is unicellular on Wp [0, 1] if and only 
if either k = 1 or a = 1. Moreover, the unicellularity of Jj™ is equivalent to the 
validity of the " Neumann- Sarason" identity Alg = {J k }"- 

In this paper we extend the main results from [TB] and [3T] to the case of the 
operator A k := Jj? © B defined on Sobolev space [0, 1] © C n of vector-functions. 
Moreover, we investigate the spectral properties of the operator A k : = ®" = i ^jJ k ■ 

The paper is organized as follows. In Section [2j we collect some auxiliary results 
about invariant subspaces for Co contractions and accretive operators. Here we also 
present and complete some results from [3T] for the operator A = ©™ =1 ^jJ a defined 

on e; , /.;/(). r. 

In Section [3], it is shown that the operator A = ©™ =1 \j J a defined on 
0j=i-^p[O,l] and the operator A kfi = 0" =1 Aj J^ o defined on 0^ =1 Wp )O [0, 1] are 
isometrically equivalent. Hence all results on the operator A presented in Section [5] 
are immediately extended to the case of the operator A k $. 

In Section HI we provide a spectral analysis of the operator A k = ©™=i -\? J£ 
defined on ©? =1 W£ [0, 1]. A descriptions of the (weakly closed) algebra A\gA k , 
commutant {A^.}' and double commutant {v4fc}" is presented in Subsection 14.11 
Subsection 14.21 and Subsection 14. 3\ respectively. 

In Subsection 14.41 we obtain a description of the lattice LatA k assuming that 
A k '■= ©j=iAjJ^. satisfies condition ( 11. 7j) . This description is essentially based on 
a description of LatT (Theorem 12. ip for finite-dimensional operator T in ©™ =1 C fej . 
In Subsection I4.5[ a description of the lattice HypLatAfc is contained. We emphasize 
that HypLatAfco = HypLat c Afc and the "continuous part" of HypLatA^ does not 
depend on a. 

It turns out that under condition (II. 7p HypLaty4 fc as well as the commutant {A k }' 
of the operator A k splits, that is, relations fll.5ft - fll.6|) remain valid with HypLatA 
and {A}' replaced by HypLatAfc and respectively. On the other hand, under 

condition (11.71) LatA^ does not split for k ^ 1 in contrast to (ll.4p . 

In this connection we recall (see [TT]) that for a direct sum Ti@T 2 of two operators 
on a Banach space the relations fll.5p - fll.6ft are equivalent to each other and both 
are implied by ( 11.41) . Thus, the operator A k presents a simple counterexample to 
the validity of the implication 

HypLat(T! © T 2 ) = HypLatTi © HypLatT 2 Lat(Ti © T 2 ) = LatTi © LatT 2 . 

Other counterexamples can be found in [TT]. 

In Subsection 14.61 we compute the spectral multiplicity and present a description 
of the cyclic subspaces Cy cA k for the operator A k . 
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It should be emphasized that descriptions of the sets Cyc A k and Cyc A kt0 essen- 
tially differ. Namely, the first description does not depend on a choice of a sequence 
{Xj}i, though the second one depends on {argAj}™ and is similar to that obtained 
in j31j for ©; =1 L P [0,1]- 

A description of the set of cyclic subspaces of the operator A = (BJLi Aj'^fc © 

©;= m+ i V£,o acting in the mixed space ©™ =1 W? [0, 1] © ©™ =m+1 W^ [0, 1] is pre- 
sented too. 

Main results of the paper have been announced (without proofs) in 



1.1 Notations and agreements 

1. X, Xi,X2 stand for Banach spaces; 

2. [Xx, X2] is the space of bounded linear operators from Xi to X 2 ; [X] := [X, X\\ 

3. I and I k denote the identity operators on X and on C fc , respectively; O := ■ I, 
O fc := ■ I fc ; 

4. J(0; k) denotes the Jordan nilpotent cell of order k; 

5. kerT = {x E X : Tx = 0} is the kernel of T G [X]; 

6. ranT = {Tx : x G X} is the range of T G [X]; 

7. CycT denotes the set of cyclic subspaces of an operator T G [X] (see Definition 

E2D; 

8. {T}' and {T}" denote the commutant and the double commutant ( or bicom- 
mutant) of an operator T G [X], respectively; 

9. Alg{Ti, . . . , T n } stands for a weakly closed subalgebra of [X] generated by 
Ti, . . . ,T n G [X] and the identity I; 

10. Lat^4 denotes the lattice of invariant subspaces of the algebra A] 

11. LatT (:= Lat(AlgT)) and HypLatT (:= Lat({T}')) denote the lattices of in- 
variant and hyperinvariant subspaces of T G [X] , respectively; 

12. spanE is the closed linear span of the set E C X; 

13. r * f stands for the convolution of functions r, / G Li[0, 1] : (r * f){x) : = 
J x r(x-t)f(t)dt; 

14. Z + := {n G Z : n)0};K + :={i£K: x ^ 0}. 

As usual, Wp [0, 1] (p G (1, 00), k G Z + \{0}) stands for the Sobolev space consisting 
of functions / having k — 1 absolutely continuous derivatives and p k > G L p [0, 1]. 
Wp [0, 1] is a Banach space equipped with the norm 



in [0,1] 



i/p 

Ei/°' } (o)i p + / \f {k \t)\ p dt 



3=0 



W p k [0, 1] := {/ G W p k [0, 1] : f(0) = ■■■ = /(^(O) = 0}. 
We set W°[0, 1] := L p [0, 1] and W^ [0, 1] = L p [0, 1]. 

Let Jj^q and := J£ fe stand for the operator J a defined on Wp O [0, 1] and 
Wp [0, 1], respectively. The operator J% is well defined on W^ o [0, 1] for any a > 0. 
The operator J£ is well defined on W k [0, 1] if either a G Z + \ {0} or a > /c — ~. 
Therefore throughout the paper we assume that 

1. the operator A := ©™ =1 Xj J a is defined on ©™ =1 L p [0, 1] for a > 0; 

2. the operator A/^q := ©™=i Aj J£;,o is defined on ©™ =1 W^q[0, 1] with kj ^ 
and a > 0; 

3. the operator A fc := ©™ =1 A 3 -Jj^ is defined on ©™ =1 Wp^O, 1] with kj ^ 1 and 
for a G Z+ \ {0} or a > max k-j — -. 

We will also assume that Xj ^ for j 6 {1, . . . , n}. 

2 Preliminaries 

2.1 Invariant subspaces of some operators 

Here we present some known results on invariant subspaces of finite-dimensional 
nilpotent operators and Co contractionsWe also recall a condition about splitting 
of A\g(A © B), where A, B G [X]. 

Theorem 2.1. |7| If Q is nilpotent on a finite- dimensional vector space V, then 
Lat(Q) = \J{[M,Q- 1 M] : M e Lat(Q f W} , (2.1) 

AT 

w/iere [M, Q _1 M] zs an interval in the lattice of all subspaces of V . Each interval 
satisfies the equation 

dimQ _1 M-dimM = dimkerg. (2.2) 

The following result was first discovered by P. Halmos [22] for operators defined 
on finite-dimensional spaces. The generalization to Cq contractions on Hilbert spaces 
belongs to H. Bercovici [21 Proposition 5.33], [31 Corollary 2.11] and P. Wu j 18. 
Theorem 1.2], and [121 Theorem 5]) (see also references therein). 

Theorem 2.2. Let T be a Co-contraction defined on a separable Hilbert space. Then 
every invariant subspace of T is the closure of the range and the kernel of some 
bounded linear transformation that commutes with T , that is, 

LatT = {kerC: C G {T}'} = {ranC* : C G {T}'}. 

Definition 2.3. (see [33],[36j) Let A and B be bounded operators defined on a 
Banach space X\ and X 2 respectively. A is said to be quasisimilar to B if there 
exist deformations K : X\ — > X 2 and L : X 2 — > X\ (i.e. TaxiK = X 2 , ker K = {0}, 
ranX = X x , kerL = {0}) such that AL = LB and KA = BK. 
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Remark 2.4. (i) Standard manipulations with Cayley transform implies that The- 
orem [212] holds also for quasinilpotent accretive operators with finite-dimensional 
real part. 

(ii) Let operator A be defined on a Banach space. Let also A be quasisimilar to 
a Cq contraction T. Then, obviously the statement of Theorem 12.21 is true for 
A, that is, Lat A = {kerC : C G {A}'} = {^C : C G {A}'}. 

Let X be a Banach space and let n be a positive integer. Then denotes the 
direct sum of n copies of X. If A is an operator on X, then A^ denotes the direct 
sum of n copies of A (regarded as an operator on 

The following theorem is implicitly contained in [13] (see also [121 Theorem 7.1, 
Theorem 7.2] ) 

Theorem 2.5. Let T\, . . . , T r G [X] and 

Lat(T 1 (n) © • • • © T™) = Lat T[ n) © • • • © Lat , n = 1, 2, . . . 
Then Alg(Ti © • • • © T r ) = Alg T x © • • • © Alg T r . 

2.2 Spectral analysis of the operator A = @" =1 \J a denned 
on 0? =1 L P [0, 1] 

Throughout this subsection X stands for L p [0, 1], with p G (1, oo). Here we present 
some results from [31j on spectral analysis of the operator A = ©™ =1 XiJ a defined 
on @™X. Moreover, we obtain a description of Alg A and investigate its properties. 
We begin with the following simple statement. 

Lemma 2.6. Let A^M^Ni G [X] for i G {l,...,n} and A = ®" =1 Aj. Assume 
also that the following identities are satisfied 

A™ = MiA™N h mGZ + , ie{l,...,n}. (2.3) 

TTien 

AlgA=|0 J R i : i?i G Alg Ai, R i = M i R 1 N i , i G {2, . . . , n}j. (2.4) 

^ i=l J 

Proof. Let M := ©™ =1 Mj and X := ©™ =1 iVj. Then for any polynomial p(-) identi- 
ties (E3J) yield p(Aj) = Mip{A x )Ni. Hence, 

n n / n \ 

p(A) = 0p(A) = 0MpW^ = M(0p(i4i)JJV. 

i=l i=l M=l ' 

On the other hand, by definition of Alg A polynomials p(A) are dense in Alg A in 
weak operator topology. Hence the last identities imply Alg A = M Alg(@™ =1 A{)N. 
To complete the proof it remains to note that Alg(@™ =1 Ai) = ®" =1 Alg(Ai). □ 
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Next we apply Lemma 12.61 to describe Algv4 for the operator A = ®" =1 Aj J a 
with factors Aj having equal arguments, 

Ai = Ai/sf, 1 = si < s 2 < ... < s n , ie{l,...,n}. (2.5) 

Theorem 2.7. Lei £/ie operator A = ®" =1 Aj J a fre defined on @™ =1 Af wife Aj 
satisfying condition ( 12.51) . T/ien Alg A zs 

Alg A = \R = dmg(R u ...,R n ): (Rif)(x) = f r t (x - t)f(t) dt, 

1 dx Jo (2.6) 

n G L p ,[0, 1], r,(x) = r^rV), i?i G [L p [0, 1]]}. 
Proof. To apply Lemma 12.61 we introduce the operators Mj and Aj by setting 

(Mif)(x) :— f(s^ 1 x), {NMz) := { fM > *\ flf } (2.7) 

[U, X G [Sj , 1J. 

Clearly, ker Aj = {0}, ran Aj = Xio.sr 1 ]-^ , 1], ker Mj = X[ s -\i\ L p{^, 1] and 
ranMj = L p [0, 1]. It can easily be checked that MjAj = Il p [o,i] an d, moreover, 

(A,J a ) m = Mi(Ai J Q ) m iV 4 , m G Z+, z G {1, . . . , n}. 

Setting Ai := AjJ a and applying Lemma [2.61 we obtain 

n 

A\gA= |i? = 0i?j : R 1 e Mg(\iJ a ), R i = M i R 1 N i , i G {2, . . . , n}|. (2.8) 



i=l 



On the other hand, according to (II .3j) . any (bounded) i?i G Alg(AiJ Q ) admits a 
representation 

i*i : f( x )^^J Q n(x-t)f(t)dt, n eL p ,[o,l}. (2.9) 
Straightforward calculations show that that 

(M i R 1 N i f)(x) = Y x \l r ^( x - *))/(*) dt > i e {2, • • • , n}. 

Combining the last equality with (12.81) we complete the proof. □ 

To state the results on {A}' we need some additional notations. For any a G 
R + \{0} we define an operator L a : X — > X by 

{f(ax), < a < 1, 

fo, ^[0,1-a- 1 ], (2.10) 

1 /(ax — a + 1), x G [1 — a -1 , 1], 

We set also 

L a { J a }' := {L a K : X G { J a }'}, {J a }'L a := {i^L a : K G { J a }'}- 
It is easily checked that L a { J a }' = {J a }'L a . 
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Theorem 2.8. I31\ Proposition 4-6] Suppose A = ®" =1 \ J a is defined on @™ =1 X 
and Aj satisfy condition ( 12.51) . Set also := s~ x Sj for i,j G {1, . . . , n}. Then the 
commutant {A}' is of the form 

{A}' = {K: K=(K tj )l J=1 , K^eL^r}'}. 

Next we complete Theorem 12.71 by establishing the Neumann type identity, 
{A}" = Alg A Note, that for the case p = 2 and a = 1 it follows from a general re- 
sult of B.S.-Nagy and C. Foias [M] on a dissipative operator with finite dimensional 
imaginary part. 

Theorem 2.9. Suppose A = ®" =1 AjJ Q is defined on ®" =1 X and Aj satisfy condi- 
tion ([23]). Then {A}" = Alg A 

Proof. It is known (and easily seen) that if T\ and T2 are bounded operators on a 
Banach space Y, then {7\ © T 2 }" C {Ti}" © {T 2 }". Hence {A}" = {0™ =1 XiJ a }" C 
0™ =1 {AjJ a }". It follows that any R G {A}" admits a direct sum decomposition 
R = ®Li R i with ^ e {\J a Y = {\J a }', i e {l,-,n}. According to (fH Ri 
admits a representation (R i f)(x) = ^ J" Q rj(x — t)f(t) dt, where G L p /[0, 1] and it 
is such that Ri G [X]. 

Further, let K = (i£y-)"- =1 be an operator matrix with entries ify = L aij for 
i > j and iT^ = O for i < j. Let also a^- := s~ Sj for z, j G {1, . . . , n}. Then, by 
Theorem EH K G {A}'. Clearly, relation iZK = KR yields 

RiL ail = L a . 1 R 1 , ie{2,...,n}. (2.11) 

It is easily seen that 

{R i L a J){x) = ^-j^ ri (x-t)f(s-H)dt, ze{2,...,n}. (2.12) 
On the other hand, 

(l^rj^x) ~ f 1 n(x! - f)/(t) dt 



xi=s i X 



c/x / n doc 



riis-'x - t)f(t) dt = — ri (sr\ x - t))f(s-H) dt. 



Comparing this relation with (12.121) and taking into account ( 12. lip and the obvious 
relation ran(L ail ) = X, we obtain rj(x) = ri(s i ~ 1 x), i G {2, . . . , n}. By Theorem 12. 71 
this means that R G Alg A, that is {A}" C Alg A Since the inclusion {A}" D Alg A 
is obvious, we get {A}" = Alg A □ 

In the following theorem we obtain a description of Lat A similar to that of Lat T 
for Co-contractions T described in Theorem 12.21 It is interesting to note that though 
a description is completely the same, the operator A in not accretive in L2IP, 1] for 
a > 1 (cf. Remark El (i)). 

Theorem 2.10. Let A = ®" =1 \ J a be defined on 0™ =1 X and Aj satisfy conditions 
(12.51) . T/ien every invariant subspace of A is the closure of the range ( the kernel) 
of a bounded linear transformation that commutes with A. 
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Proof. Alongside the operator A we consider the operator A\ : = ©™ =1 Ais^ 1 J. By 
Theorem AlgA = Alg(0^ =1 X lS r a J") = Alg(0™ =1 A^r 1 J) = Alg^ . Hence 
LatA = Lat^! and {^4}' = So we can assume that Ai = 1 and a — 1. We 



put 



K -=® J ^ 0^[O,1],0L 2 [O,1] 

i=l L i=l i=l 

n i- n n 

L -=® J ^ 0^ 2 [O,l],0L p [O,l] 

i=l L i=l i 

n i- n 

i?:=0 Sl JG 0I 2 [O,1] 



i=l 



i=l 



L i=l 



It is clear that ker K = {0},kerL = {0},ranX = 0™ =1 L 2 [0, 1], ranL = 0" =1 L P [Q, 1], 
X^ = BK and = XB. Hence Ai is quasisimilar to B. So, we can assume 
that A\ is defined on 0™ =1 L 2 [0, 1]. Note that A\ is accretive, since s, > for 
z G {1, ...,n}. Now the assertions of the theorem follow from Theorem 12.21 (see also 
Remark [23] (i)). □ 

Next, we recall a description of HypLat A. 

Theorem 2.11. f3l[ Proposition 4-8] Suppose A = 0™ =1 Aj J a is defined on 0™ =1 A 
and Xi satisfy condition (12.51) . Then the lattice HypLat A is of the form 



( n 

HypLat A = 0^ 

^ i=l 



(ai,...,a n ) G P(s 1 ,...,s n ) }, 



where 



P( Sl ,...,s n ) := {(ai,...,a n ) G [0, l] n : 

SjOj+i ^ Sj+iaj ^ s i+ i - St + SiCL i+ i, 1 < i < n - l}. 

Definition 2.12. ( cf. [HE]) 

(1) A subspace of a Banach space Ai is called a cyclic subspace for an operator 
T G [X x ] if span{T"£ : n ^ 0} = X X ] 

(2) a vector /(e Ax) is called cyclic for T if span{T n / : n ^ 0} = A x ; 

(3) the set of all cyclic subspaces of an operator T is denoted by Cyc T. 
Definition 2.13. (1) The number 

fix := inf{dimi? : E is a cyclic subspace of the operator T on X{\ 

E 



is called the spectral multiplicity of an operator T on A 



i) 



(2) operator T is called cyclic if /zy = 1. 
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It is well known that the concept of spectral multiplicity plays an important 
role in control theory (see for instance [17]). Investigating some other problems of 
control theory, N.K. Nikol'skii and V.I. Vasjunin |38J introduced one more "cyclic" 
characteristic of an operator. 



discT is called a disc-characteristic of an operator T. ("disc" is the abbreviation of 
"Dimension of the Input Subspace of Control".) 

Clearly, discT ^ \i T . 

To present a description of Cyc A we recall the following definition. 

Definition 2.15. [291 ED EH]) The determinant of a functional matrix F(x) = 
(fij(x))i j =1 (fij G X) calculated with respect to the convolution product 



is called * - determinant and is denoted by * — detF(x). Similarly, * - minors of 
F(x) are the minors calculated with respect to the convolution product. *-rankF(x) 
will is the highest order of *-minors of F(x) satisfying e-condition (11.21) . 

Next we complete [3"Tl Theorem 2.3] by computing disc A. 

Theorem 2.16. Suppose A = ®" =1 X%J a is defined on ®™ =1 X and Aj satisfy con- 
dition (12. 5p . Then the system {fi}^ of vectors 



Definition 2.14. [HE] Let T 6 [X]. Then 



discT:= sup min{dim£' : E' C E, E' e CycT}. 



EeCycT 




n 



fi = fn<B---®fi n e@X, 



le{l,...,N}, te 



{l,...,n} 



generates a cyclic subspace for the operator A if and only if 



(i) N > n; 



(ii) the matrix 



( fn(six) fi 2 (s 2 x) 



fln{ 




E n (x) 



\fm(six) f N 2(s 2 x) ... f N n(s n x) J 



is of maximal *-rank 



namely, *-rankF n (x) = n; 



(Hi) disc A = ha = n. 
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Proof, (i), (ii) and the equality /jl^ — n were proved in [3TJ Theorem 2.3] (see also 
[Til Proposition 3.2] for another proof). 

(Hi) Let us prove that disc A = n. Let E = span{/x, . . . , f N } be an N- 
dimensional subspace cyclic for the operator A. It is necessary to show that this 
space contains an n-dimensional subspace which is also cyclic for the operator A. 
Since *-rankF n (x) = n, it follows that there exists an n x n submatrix G n (x) of 
F n (x) such that *-rankG n (x) = n. Hence we can choose n- vectors fi t , ■ ■ ■ , fi n 
(ii, . . . , i n G {1, . . . , iV}) such that spanj/^, . . . , f in } is a cyclic subspace for A. □ 

Corollary 2.17. Let K G {J a }' and K n = 0™ =1 K be defined on 0™ =1 L 2 [0, 1]. 
Then fix n > n. 

Proof. It follows from Theorem 12.71 that K n G Alg A, where A = 0™ =1 J is defined 
0™ =1 L 2 [0, 1]. Hence, by Theorem 12 . 1 61 \i y ra > /i^ = n. □ 

Remark 2.18. In the recent paper [H Proposition 7.6] Corollary 12 . 1 71 was proved for 
the case n = 2. 

Next we recall the following notation. Let 2} G [X 3 -] (j = 1, 2) and i? G Cyc(Ti © 
T 2 ). It is clear that PjR G CycTj, where Pj is the projection from Xi ©X 2 onto X,, 
j G {1,2}. Following [SB] , we write 

Cyc(T a © T 2 ) = CycTx V CycT 2 

if P,/? G CycTj (j = 1,2) yields P G Cyc(T\ © T 2 ) for every R C X x © X 2 . In 
particular, if Lat^ © T 2 ) = LatT\ © LatT 2 then Cyc(Tx © T 2 ) = Cyc^ V CycT 2 . 
Next we complete [3T1 Proposition 4.1, Proposition 4.2]. 

Theorem 2.19. Suppose A = 0^ =1 AjJ a defined on 0^ =1 X and 

argAj 7^ argAj (mod 27r), 1 ^ i < j ^ r. (2-13) 

T/ien 

r r r 

Alg A = {A}' = {A}" = Alg = 0{J Q }' = (2-14) 

j=i j=i j=i 

r r 

Lat A = HypLat A = Lat J a = HypLat J a , (2.15) 

r 

CycA=\J CycJ a , (2.16) 

i=i 

discA = fi A = l. (2.17) 

Proo/. fl2~T5D - fl2~T7l) and the splitting of {A}' and {A}" were proved in [23!, EU- 
We present two different proofs of the splitting of Alg A due to the first and to the 
second author, respectively. 

First proof. We will derive the splitting of Alg A from the splitting of Cyc A. 
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By (12.161) g := C^y © •■■ © G CycA Hence, there exists a sequence 



{P ri (x)}^° =1 such that s-lim^oo P n (A)g = © • • • © © f^-. We claim that 

s-lim^oo AP n (A) = O © ■ ■ ■ © O © X r J a . (2.18) 
Indeed, for any / = fx © • • • © f r G 0j=i -X" one has 

s-lim™ AP n (A)/ = s-lim™ (Ax J a P n (Ai J a )A © • • • © A r J Q P„(A r J a )f r ) 

= S-lim^oo f Ai^Ur * (P n (XxJ a )fx)(x) © • • • © A r ^— * (P n (K J a )fr)(x) 

\ 1 (a) 1 (a) 



s-lim^oo Ai/i * (p n (A x J a )— -) ©■■•©, A r / r * (P n (X r J' 



z a-l 



= Ai/i * © A 2 / 2 * © • • • © A r / r * — - = diag(0, . . . , O, A r J a )/. 

r(a) 

So ( 12.18P is proved. A similar argument shows that for any j G {1, . . . ,r} there 
exists a sequence of polynomials {Pj, n }%Lx sucn that 

s-lim^^ AP ijn (A) = O © • • • © O © Xj J a © O © • • • © O. 

Hence the splitting of Alg A is proved. 

Second proof. Keeping in mind notations of Theorem 12.241 (see below), for any 
j G {1, . . . ,r} we let rij = n and Xji := • ■ • := Xj n := Xj. Then setting A(j) : = 
0i=i XjiJ a we rewrite A (7) and A as 

n r r 

A(J')=0^ = (A/) (B) and A = 0i4O , ) = 0(A i J a ) {B) , 

i=i jf=i j=i 

where the factors Aj have different arguments, Aj 7^ A& for j 7^ k. Therefore by Theo- 
remE^lthe lattice Lat(0j =1 (A i J a )( n >) splits, Lat(0j =1 (Aj J a )W) = 0J =1 Lat(A i J a )K 
One completes the proof by applying Theorem 12.51 with Tj = XjJ a , j G {1, . . . ,n}. 

□ 

Remark 2.20. Some particular statements of Theorem 12. 191 were obtained in [T| [23| 
EE SO] for the case p = 2. 

Namely, A. Atzmon [T] proved that for every integer k > 2, the operator z J 1_1 / fe © 
eis J 1_1//fe is cyclic. 

In [39| 14*0] B.P. Osilenker and V.S. Shulman proved that (12.13!) implies the split- 
ting of Lat(0^ =1 Aj J). Their proof cannot be extended to the case a^l. 

L.T. Hill [23] showed that if a G (0, 1) and A is a nonzero complex number, then 
Lat(J Q © XJ a ) splits if and only if A is not positive. His proof cannot be extended 
neither to the case of a > 1 nor to the number of summands n > 2. 

The following result is easily implied by combining Theorems 12.81 and 12.191 

Corollary 2.21. J2^ , f31f Let c G C and let R G [X] be a solution of the equation 
RJ a = cJ a R. Then the following statements hold 
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(i) ifc^R + , thenR = 0; 

(ii) if c = a a > 0, a > 0, then R G L a {J a }' , where L a is defined by (12.101) . 

Remark 2.22. (i) It was shown in [TH] that the operators J and cJ are similar if 
and only if c = 1. Corollary 12.211 implies that operators J a and cJ a are not 
even quasisimilar for any 1. 

(ii) In particular cases Corollary 12.211 (i) was recently reproved by another method 
in [5], [26] (the case a — 1, p — 2) and in [6] (the case a£Z + \ {0}, p = 2). 
Some solutions R of the equation RJ a = cJ a R in the case c > 0, a G Z + were 
also indicated in [3], [5], 

We need the following lemma in the sequel. 

Lemma 2.23. Suppose that A G [Xi] is quasisimilar to B G [X2] ifit/t intertwining 
deformations L and K . That is, AL = LB and KA = BK . Let also LK = A 2 and 
KL = B 2 . Then 

(i) E G Cyc A <£> X£ G Cyc B; 

(ii) F G Cyc B LF G Cyc A; 

(Hi) disc A = disci?. 

Proof. The proof is left for the reader. □ 

Now we can consider the case of any diagonal nonsingular matrix B. 
Next we complete [31., Proposition 3.2, Theorem 3.4, Corollary 3.5, Theorem 
4.10, Theorem 4.11]. 

Theorem 2.24. Suppose A(j) := ©^ \jiJ a is defined on ©^ X, j G {1, . . . , r} 
and A := ©^ =1 ^4(j) is defined on ©j = i(©j=i X). Lei a/so 

argAji = argAjj (mod 2n), 1 ^ j ^ r, 1 ^ i ^ n 3 -, 

argAji 7^ argAji (mod 27r), 1 ^ z < j ^ r. 
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Then 



AlgA = 0AlgA(j), 

3=1 
r 

{A y = ®{A(j)}', 

3=1 

{A}" = 0{AO)}", 

i=i 

r 

LatA = 0LatA(j), 

i=i 

r 

HypLatA = 0HypLatA(j), 

3=1 
r 

CycA= \/ Cyc A(j), 
3=1 

disc A = fiA = max 



(2.19) 
(2.20) 
(2.21) 
(2.22) 
(2.23) 
(2.24) 



Proof. Relations fl2.20p - fl2.24l) and the equality ^a — max fiA(j) were proved in 

Let us prove (12.19p . By Theorem 12.191 for any j G {1, . . . , r} 

O © • • • © O © Aji J° © O © • • • © O G Alg(An J a © • • • © A ri J a ). 

Thus, by Theorem 12.71 we have that 

O © • • • © O © A(j) © O © • • • © O G Alg A, 

and hence (I2.19P is proved. 

Let us prove that disc A = fiA- Assume that A\ := A is defined on 
0^ =1 (0"ii£ 2 [O,l]). Then [371 Statement 1.13] and [381 Corollary 13] imply the 
equality disc Ai = fiA 1 ■ We define 

i< = © © w e ©(© i]) . © (© yo, i]) 

j=l i=l J— 1 *= 1 j=l i=l 

r fij r r rij r n j 

i := ©© A* J" 6 ©(© i P [0, 1]) , © (© HO, 1] 

j=l i=l j=l i=l 3=1 i=l 

and A 2 := A. It is clear that K and L are deformations and A%L — LA 2 , KA\ = 
A 2 K. Now application of Lemma [2.231 completes the proof. □ 



3 The operator A^o 

Let J£ t stand for the operator J£ acting on the subspace Ef of [0, 1] defined by 
(JLTOD \l < fc - 1) and E k k := W; fc [0, 1]. 

Next we establish isometric equivalence of J^ and J a . 
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Lemma 3.1. The operator J kl defined on Ef is isometrically equivalent to the 
operator J" defined on W^O, 1]. In particular, the operator J^ defined on W^ [0, 1] 
is isometrically equivalent to the operator Jq =: J a defined on W® [0, 1] = L p [0, 1]. 

Proof. It is clear that the operator U = Jprr : Ef — > Wl[0, 1] isometrically maps 
Ef on Wp[0, 1). Moreover, 

(J- 1 = U* = J k ~ l : W*[0, 1] -> Ef. 

The assertion follows now from the identity = U~ l J^U. □ 

Corollary 3.2. The operator A k $ '■= ®"=i ^i^k o defined on @™ =1 VKp^[0, 1] is iso- 
metrically equivalent to the operator A := ®" =1 AjJ a defined on ®" =1 L p [0, 1]. 

Corollary 13.21 makes it possible to translate all results on the operator A defined 
on 0" =1 L p [0, 1] to the results on operator A k0 defined on ©" =1 W p> ! [0, 1]. For 
instance, Theorem 12. 101 takes the following form 

Theorem 3.3. Let Ak,o '■= ®"=i ^Jk^o be defined on @™ =1 W^olP, 1] and Aj satisfy 
condition (12.51) . Then every invariant subspace of A kt o is the closure of the range ( 
the kernel) of a bounded linear transformation that commutes with A k $. 

4 The operator Ak 

This section contains the main results of the paper. Namely, we described the 
spectral properties of the operator A k : = ©™ =1 AjJ^ defined on = 
where X = [0,1]. 

4.1 The algebra IK\gA k 

Theorem 4.1. Suppose A k = 0™ =1 \J k is defined on 0™ =1 [0, 1] and 

Ai = Ai/s i Q J l = Sl ^s 2 ^...^s n , ie{l,...,n}. (4.1) 

Let also 



i=i 



i=l 



(R i f)(.) = Ci f(.) + (r i */)(•), ie{l,.,n}. 

(4.2) 



JTien t/ie following is true: 
(1) i/1 <a < Jfe-l, t/ien 

AlgA fc ={#: Cl = ... = Cn GC; ^^[0,1]; r<(x) = ^V(^), 

1 < i < n; r?(0) = 0, l^ma-l, 1 < m < [(A; - !)/«]}; 



(4.3) 
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(2) if 2 < k ^ a + i, t/ien 

Alg A fc = {i? : Cl = • • • = c n G C; n G ^[O, !] 



Proof. Let 



, P 'V~'~ J ' . (4.4) 

:= s i rx(s i x), 1 ^ z ^ nj. 



E m! / (1); a; G h ,1]. 



m! 

. m=0 



It can easily be checked that 

(A, J fc Q r = MiiXxJ^Ni, m G Z + , i G {1, . . . , n}. 
Setting Ai := A«J^ and applying Lemma l2~4l we obtain 

AlgA = {i? = 0i? l :i? 1 GAIg(A 1 J fe Q ), R i = M i R l N i , i 6 {2 n}}. (4.5) 

i=l 

Next we confine ourselves to the case 1 ^ a ^ k — 1. The case 2</c<a + -is 
considered similarly. By ( 11. 12ft . R\ G Alg(Ai Jg) if and only if 

R 1 : f(x) -> Cl /(x) + / n(x - *)/(*) dt, ci G C, n G W^O, 1], 

7o (4.6) 

rj°(0) = 0, l^ma-1, 1 ^ m ^ [(Jfe - l)/a]. 
Straightforward calculations show that 

(M i R 1 N i f)(x) = c 1 + [ sT l ri ( S T\x-t))f(t)dt, ie{2,...,n}. 

Combining the last relations with (14. 5 j) we arrive at the required description. □ 

In the proof of the following theorem we need a concept of the weak operator 
topology in the algebra [X]. Recall the following definition. 

Definition 4.2. Let {fi\f = i) and {gi}f = i be the sets of unit vectors in X and 
X*, respectively, and let e be a positive number. For any R G B[X] define V := 
V(e; {fi,9i}iLi) to be the set of all operators T satisfying 

\{T - R)fi,9i)\ < e, ie{l,...,N}. 

Then V is a weak neighborhood of R and the family of all such sets V is a base of 
weak neighborhoods of R. 
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Theorem 4.3. Suppose A k = 0^ =1 Xj J k is defined on 0^ =1 W£[0, 1] and 



arg A, 7^ arg Aj (mod 2n), 1 ^ z < j ^ r. 



Lei a/so 



^:=0^g 0Wj[O,l] 

i=i L i=i 
Then the following are true: 
(1) if l^a^k-l, then 

AlgA fc = ji? : c x = ■ 



(am— 1) 



to/)(0 = <*/(■) + (rj */)(•)> jG{l,...,r}. 



GC; ^GW^O,!], 



(0) = (A,Ar 1 rrS Qm - 1) (0), 



fc-1 



1 ^ j r; 



rj°(0) = 0, l^om-l, m < [(fc - l)/a], 1 < j < r|; 



(4.7) 



^ i/ 2 jfc < a + i, t/*en 
AlgA fc = {R: a 



c r eC; ^^[0,1], 1 ^ j ^ r}. 



A j J k,0 



Proof, (i) Theorem |2~T31 and Corollary O imply that O © • • • © d 
• • • © O G Alg(0J =1 AjJ^o) for any j G {1, . . . ,r}. It easily implies that Mj : = 
O © • • • © O © (Aj J£) fc+1 © O © • • • © O G A k Alg A k . Thus Mf G Alg A k and (021) 
implies that if either a E Z + \ {0} or a > k — - , then 



MgA k D {R: ci 



c r G C; r,- G W^O, !]. 1 < J < r }' ( 4 - 8 ) 



(ii) Let 2 ^ ^ a + -. Then combining the obvious inclusion AlgA^ C 
0j=i Alg Aj with (11.121) we arrive at opposite inclusion in (14.81) . Thus, (2) is 
proved. 

(Hi) Let us prove the inclusion "c" in (14. 7ft . Description ( 11. 12ft and inclusion 
AlgA fc C 0; =1 AlgAjJ£ imply that 

A\gA k c{R: c,-G<C; r d G 1], 

rf)(p) = 0, l^am-1, m < [(Jfc - l)/a], 1 < j < r}. 

For j G {1, . . . , r} and m G {1, . . . , [^— ^]} by definition, put : 



© 1©0 



0, UjiTi ■= o 



.r 



r(am) 



0. 
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Let R := 0^ =1 Rj G MgA k . Choose e\ > and put 



e:=min{|2 1 AJ l £i| : 1 < j < r, < m < A^} and k x := 



fc-1 



a 



Next, choose vectors {^jm}2m=i an d {%m}2m=i belonging to PVp [0, 1] and 
(Wp [0, 1])* = W^fO, 1], respectively and define a weak neighborhood 



V := V(e; {xjm} T j]m=iy {yjm} r j]m=i) °f R according to Definition 14.21 Then by defini- 
tion of AlgAfc there exists a polynomial p(x) := X^o 6 ^ sucn ^ na ^ P(^fc) belongs 
to the weak neighborhood V of -R, p(A k ) G V, that is 

\((R-p(A k ))x jm ,y jm )\ < e, j'G{l,...,r}, m G {0, . . . , A*}. (4.9) 

It is clear that (14.91) is equivalent to the following system 



i T.k 



((Rj-piXjJZ))!, 



x 



r(«m) 



<£, jG {!,..., r}, m G {0, . . . , fci}. 



After simple computations this systems reduces to the following one 



a | < e, 



X? 



- a r 



< t^7? je{i,...,r}, me{o,...,y. 



Finally, triangle inequality implies that 



|ci — Cj\ < 2e < Ei, 
Hence, 

Cj = Ci, 
Jotm— 1) , 



r (^-i)( ) r j 



(am— 1) 



(0) 



A™ 



A™ 



<t^<£i, m G {0, . . . , fci}. 



rf m ^(0) = (A,Ar 1 rrS am " 1) (0), m G {1, . . . , fcj, jG{l,...,r}. 

Thus, the inclusion " c" in (14.71) is proved. 

(iiii) Let R belongs to the algebra defined by the right side of (14.71) . Since 
rj G Wj -1 [0, 1], it follows that 



k-2 



k-2 



,..(,.): ;. + ; ( ^ ( z ) _ £ r « ( ) - + ^ rf (0) - , jG{l, 

i=0 ' J i=0 



,r}. 



According to this decomposition we can write R = Ro + R k -2, where 

Ro — Rl,0 © • • • © R r ,0, Rk-2 = R\,k-2 © • • • © R r ,k~2, 

and 

(iW)O) == fao * /)(•), (Rj,k-2f)(-) ■= (r jjk -2 * /)(•), j G {1, . . . , r}. 

Furthermore, _R G Algv4 fc by (14.81) and -Rfc-2 G Algv4 fc by (Hi) . Thus (1) is proved. 

□ 
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Combining Theorems 14.31 and 14.11 we arrive at 

Theorem 4.4. Suppose A k (j) := 0™=^-^ is defined on 0^ Wjf[0, 1), j G 
{1, . . . , r} and A k := ® r A(j) is defined on 0^(0^ W*{0, 1]). Let also 



Xji — Xji/ Sji, 1 — Sji < Sj 2 < • • • ^ s jn ., 
arg Aji 7^ arg Aji (mod 2n), 

Let also 



1 ^ J ' ^ r, 1 ^ i ^ rij, 
1 < * < j ^ r. 



j=i j=i i=i i=i 



, = (»* */)(•), Kj<r. 



TTien £/ie following are true: 
(1) if 1 < a < Jfe- 1, t/ien 

AlgA fe - |cl + i2 : c G C; G W* _1 [0, 1], 1 s= j < r; 



r ( r -i) (0) = (A . iA _ irr}r ^ (0)j m ^ 



-hm^(am-l) , 



1 < j < r; 



a) \k — li I 

r ii (0) = 0; '7^ 0:771 — 1, m ^ , 1 ^ j ^ r >; 

J l a J J 

(%) if 2 < fc < a + i, t/ien 

AlgA fc = {d + i?: cGC; r iX G Wjp 1 [0, 1], 1 ^ j < r; 

Remark 4.5. In this paper we do not consider questions about the reflexivity of the 
operator A k . Such results are contained in [T7] . 



4.2 The commutant {A k }' 

As in Section[2]we define operator L a G [Wj[0, 1]] for a G (0, 1] and L a G [W p fc [0, !]> [0. x ]] 
for a G (1, 00) by 

L a ■ f(x) -> g(x) = 




< a < 1, 



x G [0, 1 - a -1 ], 
/(ax — a + 1), x G [1 — a -1 , 1], 

Next we investigate solvability of the equation 

RJ k = cJ k R 



a > 1. 



(4.10) 



(4.11) 



in the space X = W^[0, 1] and describe the set of its solutions. The following 
proposition plays a crucial role in the sequel. Its proof is based on Corollary 12.211 
and use some ideas from 1X61 . 
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Proposition 4.6. Let c G C and let R G [X] be a solution of equation (14. lip where 
X = W k [0,l]. Then 

(1) J/cgK+, thenR = 0; 

(2) I/O < c = a a < I, a > 0, then R G L a {J°}' = {J£}'L a , that is, 

(Rf)(x) = r(x - t)f(at) dt, r G W k [0, 1]; 

(3) Ifl<c = a a , a>0, then R G L a { J£}' , that is, 

(Rf)(x)=(L a ^-(r*f))(x) 

'0, xG[0, 1-a- 1 ], 

ax—a+l 

a_1 £ / r(ax-a + l -t)f{t)dt, r e Wj o [0,l], x G [1 — a -1 , 1]. 
o 

Proof. Let c G C and RJ£ = cJ^R. Consider the block matrix representations of 
the operators J£ and R with respect to the direct sum decomposition W£[Q, 1] = 
W k [0, l]+X k , where X k := span{l, x,...,x k ~ 1 }. Since W k [0, 1] G Lat J°, one has 

T a = f ^ 1 p _ | -^n -^12 

J) J 22 y \/t 2 i K 2 2 



Now the equality i?J^ = cJ^R splits into 

#u Jn = cJ&Ru + cJ«R 21 , (4.12) 
R 21 j« = cJ&Rn., (4.13) 

R21J12 + R22J22 = Ct ^22-^22) 

■RllJl2 "I" -^12^22 = Ct ^U-^12 + Ct/^2-^22- 

It is clear that is a nilpotent operator on and consequently = 0. Therefore 
one derives from (14431) that i^i^n = cJ^R2\ = O. It follows that #21 = O since 
ran Jf^ is dense in W^ofO, 1]. Now equation (14.121) takes the form Ru Jf x = cJ^Rn, 
that is, Rn intertwines the operators J{\ and cJf v 

(1) Let c G" M+. Then Corollary 12.211 (i) yields Ru = O. Furthermore, since 
jak x m e w k [0, 1], m G {0, . . . , k - 1}, one has 

= R n jfx m = Rjfx m = cJfRx m . 

It follows that Rx m = for m G {0, . . . , k - 1}, hence i? = O. 

(2) Let < c = a a ^ 1 for some a > 0. Then Corollary 12.211 (ii) yields 
(Ruf)(x) = ^ JJf r(x — t)f(at) dt, where r G Zy[0, 1]. Let us prove that r G 
Wj[0,l]. We have 



a ak (J« k Rl)(x) = (RJfl)(x) = (R U Jfl)(x 
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Hence r = Rl G W*[0, 1]. 

So, the operator .R n defined on [0, 1] admits a continuation T as an operator 
defined on W£ [0, 1] by 

T: W p fc [0,l]->Wj[0,l], T: f( x )^j-J\( x -t)f{at)dt. 

Since T f Wj [0, 1] = i? f W* [0, 1] = i?n and J£ fc x m G Wj o [0, 1] for m G 
{0, . . . , fc — 1}, we obtain 

jak Tx m = a -*k TJ ak x m = a -ak RJ ak x m = jf Rx ™ 

It follows that Tx m = Rx m for m G {0, . . . , k - I}. Thus R — T. 
(3) Since c = a a > 1 , Corollary 12.211 (ii) yields 

(JW)(s) = (A^(r */))(*) 

'0, x G [0, 1 -a- 1 }, 

ax—a+l 



a 



-1 A 

da; 





j riax — a + I — t)f(t) dt, x G [f — a 1 ,1], 



where r G ly[0, 1]. Let us prove that r G W^ [0, 1]. 
a* fc (jf Rl)(x) = (RJfl)(x) = (R u Jfl)(x) 



ax 



0, x G [0, 1-a -1 ], 

ax—a+l 

f r (ax - a + 1 - t) r dt, x G [1 - a -1 , 1], 
o 

0, x G [0, 1-a -1 ], 

a_1 £( JQfc+lr )( ax -« + !)> a; 6 [1 - a -1 , 1], 

0, xg[0, 1-a -1 ], 

(J afc r)(ax-a + l), ie[l-o _1 ,l]. 



Hence 



(Rl)(x) 



0, x G [0, l-a" 1 ], 

r(ax — a + 1), x G [1 — a -1 , 1]. 

Since Rl G Wj[0, 1], it follows that r G Wp* [0, 1]. 

So, the operator R u defined on W^ [0, 1] admits a continuation T on W£ [0, 1] 
defined by 



(77) (x) 



'0, xG[0, 1-a" 1 ] 

ax—a+l 



a 



-ld_ 

dx 





f r(ax — a + 1 — t)f(t) dt, x G [1 — a 1 ,1]. 



Since T \ W; fc [0,l] = R \ H^ [0,1] = R n and J ak x m G W; fe [0,l] for m G 
{0, . . . , k — 1}, one deduces 

jak Tx m = a -*k TJ ak x m = a -o* RJ o* x m = jak j^m 

It follows that Tx m = Rx m for m G {0, . . . ,k — 1}. Thus R = T. □ 
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Corollary 4.7. [16, Theorem 3.4] R G { J% }' if and only if 
(Rf)(x) = —J r(x - t)f(t) dt = r(0)f(x) + J r'(x - t)f(t) dt, r G Wj[0, 1]. 

Theorem 4.8. Suppose A k = 0™ =1 A*J£ is defined on 1^ = 0™ =1 Wf[0, 1] and 

Xi = Ai/sf, 1 = si ^ s 2 < . . . < s n , aij = s^sj, 1 < i, j < n. 
Then the commutant {Ak}' is of the form 

{A k }' = {R : R = (Rij)i )j=1 , Rij = L aij K i:j }, 



where 



X 

(Kijf)(x) = — J kij(x - t)f(t) dt, ky G 



WjolO.1], ay>l. 



Proof. Let i? = (Rij)™j =1 be the block matrix partition of the operator i? with 
respect to the direct sum decomposition X*™) = 0™ =1 Wjf [0, 1]. Then the equality 
RAk = A k R is equivalent to the following system 

To complete the proof it remains to apply Proposition 14.61 □ 

Theorem 4.9. Suppose Ak = 0j =i Aj J£ is defined on 0^ =1 W£ [0, 1] and arg Aj 7^ 
argAj (mod 27r) /or 1 ^ i < j ^ r. T/ien t/ie commutant {Ak}' splits, that is, 

r 

{A k y = ©{A^y. 

i=i 

Proof. Following the proof of Theorem 14.81 one arrives at the relations 

Rij J£ = W^JgRij, Ki, j<r. (4.14) 

The latter results with i — j yield Ru G { J^}' for i G {1, . . . , r}, hence by Proposi- 
tion 1461 (2) 

Ru- f^-^J Q Pu(x-t)f(t)dt, meW^i], ie{l,...,r}. 

Since argAj 7^ argAj (mod 27r) (1 ^ i < j ^ r), it follows that AjAj 1 G" hence 
by Proposition 14.61 (1) i2y = (1 ^ i 7^ j ^ r). This completes the proof. □ 

Combining Theorems 14.81 and 14.91 we arrive at 

Theorem 4.10. Suppose A k (j) := 0™^ Xji J% is defined on 0™^ W£[0, 1] j G 
{1, . . . ,r} and A k := ® r j=1 A(j) is defined on W = 0J =1 (0£i Wf[0, 1]). Let also 

argAji = argAjj (mod 2tt), 1 ^ j ^ r, 1 ^ i ^ rij, 

argAji 7^ argAji (mod 27r), 1 ^ i < j ^ r. 

Then 

r 

{A k y = (B{A k (j)y, 

i=i 

where the algebras {Ak(j)}' are described in Theorem "J78, 
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4.3 The double commutant {A k }" 

Theorem 4.11. Suppose A k = 0™ =1 A f J% is defined on W = 0™ =1 Wf[0, 1] and 
Xi = Xi/sf, 1 = si ^ s 2 < • • • < s n , Ojj = s^s,,-, 1 < z, j < n. 

T/ien 

{A k }"= {d + R: ceC, R=diag(R 1 ,...,R n ), (Rif)(-) = (r< * /)(•), 
r*(x) = srV^s^a;), r< e Wp fc-1 [0, 1], 1 < i < n}. 

(2) The dimension d k ^ a of the quotient space {Ak}" / Alg Ak is dk, a = k — 1 — [(k — 
l)/ai\. In particular, Alg Ak = {Ak}" if and only if either a = 1 or k = 1. 

Proof. Let us set 

e, := ( 0, . . . , 0, 1 , 0, . . . , 0), := ejej, 1 < i,j < n. 

Then Theorem 14.81 implies 

{A fe }' = Alg{J fe ® l^z^n; 

L a .. ® Sij, 1 ^ j ^ i < n; L aij J fc fc ® 1 ^ z < j ^ n}. 

Since {©" =1 XiJgy C ©ILiiAiJ^}", it follows from flmj) 

C {T := ( Cl I + i2 a ) © • • • ®(c n I + R n ) : q e C, 

{Rif){-) = {n */)(•), ^^[0,1]), 

It is clear that T( J& ® = ( J& ® Ea)T for i £ {1, n}. It can easily be checked 
that 

T{L aij ® = (L aij ® ^)T, 1 < j ^ z < n, (4.15) 

T(L aij J* ® ) = (L ai . J* ® %)r, 1 < i < j < n (4.16) 

if and only if c\ — ■ ■ ■ — c n and ri(x) = Ti(s^ x) for 1 ^ i ^ n. Indeed, ( 14. 15ft 
and (14.161) are equivalent to the first and the second of the following relations 

( Cj I + Rj)L ai .f = L ai] ( Ci I + IU)f, /e^l], 1 < j < z < n, 

( Cj l + R 3 )L ai] J k k f = L aij J k k ( Cl l + Ri)f, f e W?[0, 1], 1 ^ i < j ^ n, 

respectively. According to the definition of L ai . (see (14.101) ). we obtain 

X a ij x 

c j f(a ij x) + J rj(x -t)f(ciijt)dt = Cif(a,ijx) + J n{aijX -t)f(t)dt (4.17) 
o o 
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for / G Wf[0, 1], x G [0, 1] and 1 < j < i < n, and 

Cj{Jkf){aij x ~ a ij + 1) + y rjix-^iJ^f^aijt-aij + ^dt 

\";; at:j . , (4-18) 



=Ci(Jkf)( a ij x ~ a ij + !) + y r^a^x - a ij + l){J h f){t)dt 

o 

for / G Wj[0, 1], x G [1 - a,"- 1 , 1] and 1 < j < z < n. 
After simple computations with (I4.17p - fl4.18p . we get 

X 

J [rj(x - t) - a^r^a^x - t))]f(a ij t) dt = (q - c j )f(a ij x), 
o 

[ n (x -t)- o^T 3 {a^{x - t))\ (J k k f)(t) dt = ( Cj - Ci )(J k k f)(x). 







Now it is easy to see that any of the latter equations is equivalent to c\ — ■ ■ • — c n 
and Ti(x) = s~ 1 r 1 (s i " 1 a;) for i G {1, . . . , n}. Thus, (1) is proved. 

(2) It is clear that Wj-^O, 1] « W^[0, 1] + span{ff : I = 1, . . . , k - 2}. Hence 
(1) implies that 

{A k }" « C 1 + W^O, 1] « C 1 + Wjo^O, 1] + span{^ : Z = 0, . . . , k - 2}. (4.19) 
Further, Theorem 14.11 yields A k is isomorphic 

: l<^ m ^ L (4.20) 

Combining (14.191) with (14.201) we easily arrive at (2). □ 

Theorem 4.12. Suppose A k = 0^ =1 Xj J% is defined on ©J =1 W£ [0, 1] and arg Aj 7^ 
argAj (mod 27r) /or 1 ^ z < j ^ r. T/ien 

w {my = ©;=i{^}"- 

(^J The dimension dk, a of the quotient space {Ak}" / A\g Ak is dk, a = rk — 1 — [(fc — 
l)/a]. In particular, A\gA k = {Ak}" if and only if either 

(a) r = 1 and a = 1, or 

(b) r = 1 and k = 1. 
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Proof. (1) is implied by Theorem 14.91 Furthermore, (1) and Theorem (14.31) imply 
that 



MgA A 



©(^ewj-^o,!]) 



3=1 



r r ^ 

Cr + 0^o 1 [O,l] + 0span{|:/ = O,...,fc-2} 

3=1 3=1 



:1 + 0<,o 1 [0,1] + span 

3=1 



am—1 



(am — 1)! 



: 1 ^ m ^ 



Now it is easy to see that dk, a 
(2) is proved. 



+ r{k - 1) - 1 - [*^] = rJfc - 1 - [^] . Thus 



□ 



Combining Theorems 14.111 and 14.121 we obtain 
Theorem 4.13. Under the conditions of Theorem\4-l(j\ we have 



{Ak}" = 0{A fc (j)}' 

3=1 



where the algebras {A k (j)}" are described in Theorem \4-ll 



Remark 4.14. Recall that according to celebrated von Neumann theorem {T}" = 
AlgT whenever T is a normal operator. B. Sz.-Nagy and C. Foias [33]-[3l] general- 
ized this result to the wide class of accretive (disssipative) operators. In particular, 
this result holds for the accretive operator A = J ®B defined on L 2 [0, 1] ®C n , where 
B is a diagonal positive matrix, B = B* > 0. By Theorem 14.11 this result remains 
also valid for non-accretive operator T :— Af. — J% ® B defined on ©™ =1 W^fO, 1], 
with the same B . 



4.4 Invariant subspaces 

In jT6j we proved that every subspace invariant under J£ belongs either to the 
"continuous chain" Lat c J% or to the "discrete chain" Lat d J%. It turns out that 
Lat c J% does not depend on a: Lat c J% = Lat c J k (see (11.91) ). We proved also that 
the description of Lat d J£ easily follows from that of Lat J(0, k) a . This description 
is extracted from Theorem 12.11 

In this section we prove that every Afc-invariant subspace can be decomposed into 
a direct sum of two invariant subspaces : the first one belongs to the "continuous 
part" of LatA fc and the second one belongs to the "discrete part" of LatA k . We 
show also, that "continuous part" does not depend on ft. Moreover, a description 
of the "discrete part" is deduced from Theorem 12.11 

Let Xs stand for the characteristic function^of an arbitrary nonempty subset 
S C Z n := {l,...,n}. We denote by Ps and Ps the canonical projections from 



26 



©;=i Wpi[0, 1] and from ©J =1 C k > onto 0J =1 Xs(j)W[0, 1] and onto 
©j=i Xs(j)C fcj , respectively. Next we let 

n n 

A k ,s :=0X.(j)V*; tranP s , :=0X,O')¥(O;fc,-) a frani^ 

and denote by it's the quotient mapping from ran P$ onto ranPg. 

Theorem 4.15. Suppose A k = ©™ =1 Xj J%. is defined on ©™ =1 W p 3 [0, 1] and arg Aj 7^ 
argAj (mod 2ir) for 1 ^ i < j ^ n. TTien P G LatA^ i/ and only if there exists 
ScZ„ and ai, . . . ,a n E [0, 1] such that 

n 

E = Lat 4, S ©^(j')4o> 
LatA fci5 = IJ^ 1 {[M, (i^)" 1 ^] = M G Lat^V t (4.21) 

M 

and S c is the complement for S in Z n (S U S c = Z n ). Pere [M, (^s^M] zs a 
closed interval in the lattice of all subspaces of ran P$. Each interval satisfies the 
equation 

dim(A^)" 1 M - dimM = Vmin{-[-a], kj). (4.22) 

Proof. For every E E LatA^, we put j in S 1 := Se if P/P ^ H^q[0, 1] and put j 
in S c otherwise. Next we introduce the subspaces Es := span{A™ 5 PsP : m ^ 0} 
and P 5 c := span{A™ 5c P^P : m ^ 0} C 0J =1 X^OOW^O, 1]. It is clear that 

EcE s ®E S c. 

Let M = max kj. Then the subspace P := A¥E is invariant for the operator 

^fc,o := A r 0?=i w£' [0, 1] and, by Theorem EM F = ©J =1 E% fl for some 
G [0, 1]. By the construction of S, it is clear that a,j = for j E S and hence 

F = [®Xs(j)W^ [0,l]j U ^0X>O")<oJ- ( 4 - 23 ) 

It is clear that P D P D P 5 c Hence P D P S cP and, therefore, P D P S E. The 
latter inclusion yields E D Es and consequently P splits : P = P5 © Pgc 

In turn, by Theorem 12. 19} E S c splits: E S c = ©™ =1 Xs c (j)E a ^ . On the other 
hand, combining (14.231) with the relations P = Es © P^c D P, one gets Es D 
©i=i Xs0)^ p ,o[0, 1]. Therefore, 7i s (E s ) E LatA s . Since the quotient map 7r 5 es- 
tablishes a bijective correspondence between E s E LatA^ with E s D ® je s Wp,olP> 1] 
and 7i s (E s ), one derives P5 = Kg (its Eg)- One completes the proof by applying 
Theorem 12.11 Furthermore, relations (14.211) and (14.22R are implied by the relations 
(TO) and (ED, respectively. □ 
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Corollary 4.16. [Tfif Let n be the quotient map 

tt: W k [0A]^X k : = W k [0, 1}/W k [0, 1] 

and J£ be the quotient operator on X^. Then Lat = Lat c J£ U Lat d , where 
(a) 

Lat c J* = {E k afi : < a < l}, £ a fc := {/ G Wj [0, 1] : f(x) = 0, x e [0, a]} 
is the "continuous part" of Lat J%; 

(b) 

Lat d J" = Tr-^Lat?) = IJ^ 1 {[^ (5)^] : M G Lat(J£ f J£M)} 

M 

is the " discrete part" of Lat Jg. 

Here [M, (J^) _1 M] is a closed interval in the lattice of all subspaces of X k . 
Each interval satisfies the equation 

dim( Jj) -1 M - dimM = d, 

where d = min{ — [— a], k}. 

Corollary 4.17. [Thy Operator J" is unicellular if and only if either a = 1 or k = 1. 

Example. Suppose that the operator A = Ai ^©A^^ ( ar S 7^ ar S ^2) (mod 2n) is 
defined on 1 [0, 1] © W k2 [0, 1]. By Theorem 14. 15^ one has the following description 
of its lattice of invariant subspaces : 

LatA= |J (<\o © <o) U |J 7rg(Lat^T } )©Ej 

[ai,a 2 ]e[0,l]x[0,l] ae[0,l] 

U |J ^©^(Lat^uU^MAZS)^ 

oG[0,l] 

where lattice s (Lat ^4{i>) = Lat d J£ and 7r^(LatA{ 2 }) = Lat d J% 2 are described 
in Corollary 14.161 For example, if k\ = 1, k 2 — 2, Ai = i, A2 = 1 and a — 1, 
one has ^(Lat = Lat d = Wj o [0, 1] U W^M], ^(Lat A {2} ) = Lat d J\ = 

W^ [0, 1] U E\ U iy p 2 [0, 1]. It is easily seen that = © J(0; 2), hence, \ 

ran(A{ 12 }) : e 3 — > (here {ei, e 2 , e 3 } is the standard basis in C 3 ). Thus, by Theorem 
EH 

Lat%J= |J [M,(A^ } )- 1 M] = [0,{e l ,e 3 }]u[{e 3 },{e l ,e 2 ,e 3 }} 

Mc{e 3 } 

= {0}U [J {aei + /?e 3 } U [J {ae x + /3e 2 , e 3 } U {e x , e 2 , e 3 } 
~{0}U \J{(a^x)}U |J {(a,/3),(0,x)}U{(l,0),(0,l),(0,a;)}. 

«,/3eC a,,3eC 
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Hence 

*Ti>( Lat: W = «o[«. i] © w?,o[o, i]) 

u UWi»M : Ae^ p 1 [0,l],/ 2 G J E; i 2 ,a/ 1 (0) + ^(0) = 0} 

u U{{A'M : /i e ^ 1 [°' 1 ]'/2eiy p 2 [0,l],a/ 1 (0)+/3/ 2 (0) = 0} 

U^O,!]©^,!]). 

Remark 4.18. (i) An alternative description of Lat d J£ might be obtained from 
the Halmos description of LatT for T G [C n ] (see Theorem 12.2ft . 

(ii) A quite different proof of the description of Lat has been originally obtained 
by E.Tsekanovskii [46J. 

4.5 Hyper invariant subspaces 

To present a description of HypLatA fc we keep the notation from Subsection 14.41 



Theorem 4.19. Let the conditions of Theorem\4-8\ hold. Then 



HypLatA fc = (J {E S c@E s }. 



Here 

(a) "the continuous part" E S c is of the form 



where 

P({si}ies°) '■= p ( s m Sn| S c| ) = { (o m , • • • , a n|gc| ) G D|5c| : 

f&j "£/ie discrete part" E$ is of the form Eg = ©"=i Xs{j)Ef., where 1 ^ lj ^ k — 1 
and lj ^ /j i/ Sj ^ Sj for 1 ^ i,j ^ n; 

In particular, if Ai = • • • = A n , t/ien 



HypLatA fc = |J 1 ©X s (j^f 0X^)^4 

scz„, oe[o,i], lsS^fc-i I j=i »=i 



fc 

o r- 
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Proof. It is clear that HypLat A fc = HypLat(0™ =1 XjJ k ) C 0™ =1 HypLat Xj J£ = 
0™ =1 LatAjJfc. Hence if E G HypLat A k then £ = 0™ =1 £j, where £y G Lat J k . For 
each G Lat J fe (1 ^ j ^ n) we put j in S 1 if £y G Lat d J fc \H/ p fc [0, 1] and put j in 5* c 
otherwise (i.e., if Ej G Lat c J k ). Thus E = E s ® E s ., where £ S c = 0™ =1 X sU)E^ fi 
and £s = 0™ =1 Xs c (j)-^- Now i?5c is described in Theorem 12.111 and Corollary 13.21 
Let us prove that Es = 0™ = iX5 c (i)^. £ HypLat if and only if Zj ^ Zj whenever 
sj ^ Sj for 1 ^ i,j ^ n. 

Let ^ Sj and P G {^U}' be such that the block matrix partition of the operator 
P with respect to the direct sum decomposition 0™ =1 [0, 1] contains the only non- 
zero element Pij := L ai .. Then the inclusion PEs C Es yields E\. = P%jE\. C Ei v 
So Sj ^ Si yields E^ C E^ or lj ^ U. 

The opposite statement may be obtained using routine matrix calculations, which 
we omit. □ 



Theorem 4.20. Under the conditions of Theorem the lattice HypLat A k splits : 



HypLat A k = HypLat X, J% = Lat J k . 

i=i i=i 

Remark 4.21. It is well known (see [TT]) that for two bounded operators Ti and T 2 
the splitting of Lat(Ti ©T 2 ) implies the splitting of HypLat(Ti ©T 2 ). In other words, 
the relation Lat(T x © T 2 ) = Lat7\ © LatT 2 yields the relation HypLat(7\ © T 2 ) = 
HypLat Ti © HypLat T 2 . Theorem 14.201 demonstrates that the converse implication is 
not true. Nevertheless the converse implication is true for Co contractions T\ and 
T 2 defined on Hilbert space ([TTj). 

Summing up Theorems 14.191 and 14.20^ we obtain 



Theorem 4.22. Under the conditions of Theorem \.1Q, we have 



HypLat A k = HypLat A k (j), 

where the lattices HypLat A k (j) are described in Corollary \4-19[ 
4.6 Cyclic subspaces 

Some results of this subsection were announced in [T3]. First, we present the follow- 
ing simple 

Lemma 4.23. Let A G [C fc ] ; c(A) = {0} and P^a* be the orthoprojection from C k 
onto ker A* . Then 

(1) fiA = disc A = dim(kerv4*) = diu^kerA); 

(2) E G Cyc A if and only if PE = ker A*. 
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Proof. Necessity. Note that span{P,ranA} D spanlAP : j > 0} and (1^ — 
PkerA*)E = P ran AE C ran A Therefore, since E G CycA, we have 

C fe = span{AP : j = 0, 1, . . . , k - 1} C span{P kcr A * E , (I k - P kcr ran A} 
= span{P kcrj4 *P,ran,4} C span{ker A*, ran A} = ker A* ©ran A = C h . 

Hence P ker a*E = ker A* . 

Sufficiency. Let PE = ker A*. Then 

C fc = span{P ker A*P,ran A} C span{P, (I fc — P kerj 4*)P, ran A} = span{P,ran A}. 

Applying the operator A, we obtain ran A? = span{AP, ran A* +1 } (1 ^ j ^ k— 1). 
Hence 

C fc = span{P, ran A} = span{P, AE, ran A 2 } = ■■■ = span{P, . . . , A fc_1 P}. 
It means E G CycA □ 

For every system <p = {4>i}i , 0/ G C ra , we denote by W(<f>) the n x N matrix 
consisting of the columns <pi : W((f>) = (0i, . . . , <Pn)- 

Corollary 4.24. Suppose that A = 0" =1 A, J(0; kj) a is defined on 0" =1 C k * and 
rrij : = min(— [— a], k 3 ) for 1 ^ j ^ n. Then 

(1) /I A = disc A = £)" =1 m^; 

£/ie following system 

(pi = Col(0 m , . . . , (j> nkl , (f> m , (pl2k 2 , <f>lnl, 4>lnk n ), 1 ^ I ^ N 

generates a cyclic subspace for the operator A 
if and only if 

(1) N>Y.Umj; 

(2) the matrix Wq = P^er a*W (<j)) is of maximal rank, that is, rank Wo = 

Era 

Theorem 4.25. Suppose A k = 0™ =1 AjJj^ * s defined on 0™ =1 Wp fc;, [0, 1] and mj : = 
min(— [— a], k 3 ) for 1 ^ j ^ n. Then 

(1) HA k = disc A = YJj=i m j; 

(2) the system {fi{x)}f =1 of vectors f t (x) = {fn(x), fi„(x)} generates a cyclic 
subspace for A k if and only if the following conditions hold 
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(ii) the matrix 



W{0) 



( /n(0) 
/ii(0) 


/2l(0) ••• 

&(0) ... 


/ivi(O) \ 
/*n(0) 


/i mi_1) (o) 


/ 2 ( r _1) (o) ... 


AT _1) (o) 


/ln(0) 

#„(«) 


/an(O) • • • 
/a»(0) • • • 


/iVn(O) 

/k(o) 


U ( r- 1} (o) 


/£T"- 1} (o) ••• 


/fr _1) (0)y 


, i.e., rank VT(O) = YTj=i m j- 





Proof. It is clear that G CycAfc implies 7ri? G CycAfc. To prove the converse 
assertion we choose a subspace E C 0™ =1 W P J [0, 1] such that ixE G Cyc^U and 
denote by F := sp&n{A j E : j ^ 0}. Since ttF = 0™ =1 C\ one gets that F D 
©j=i ^p,o[0; !]■ Therefore, just in the same way as in Theorem 14.151 we obtain that 

F = tt-^ttF) = vr- 1 (0J =1 C fc = 0™ =1 Wp 3 '[0, 1], that is, £ G CycA fc . To complete 
the proof it suffices to apply Corollary 14.241 □ 

Remark 4.26. For a = 1 and ki — ■ ■ ■ — k n —: k ^ 1, that is, for the operator 
A-k = 0j=i Theorem 14.251 has been established in [12] by another method. 

We emphasize that the description of the set CycA/^o essentially differs from 
that of Cyc A\~. Namely, in contrast to the operator Ak t o, the description of the set 
CycAk does not depend on the choice of \j. 

Summing up, we obtain a description of the cyclic subspaces for the opera- 
tor A = 0™ 1 \J« © 0™ =m+1 acting on the mixed space 0^ =1 W?[0, 1] © 

Theorem 4.27. Suppose that the operators 



A k (l) 



0A,Jj 

3=1 



and 



are defined on 



A M (2) := A ; ./ ; " ,,. 

j=m+l 



and A:=A fc (l)©A M (2) 



and 



==0W?'[M], X (l) :=0W* O [O,1] 

n 

X (2):= W% [0,1), and X := X(l) © X (2), 

j'=m+l 
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respectively. Furthermore, let P(l) be the canonical projection from X 
X Q (2) onto X(l). Then 

(1) fx A = max{MA k (i)i/i4,o(i)fflA fe ,o(2)}; 

(2) E G Cyc A if and only if 

(a) P(l)EeCycA k (l), 

(b) A M E G Cyc(A M (l) © A fe)0 (2)) ; where M := 



X(l) 



max fcj. Furthermore, the 
and \2.1b\ and the 



set Cyc{Akfi{l) ® Akfi{2)) is described in Theorems^, 
set Cycv4fc(l) is described in Theorem 4-25 . 

We express our gratitude to Professor Pei Yuan Wu for giving precise references 
concerning Theorem I2.2L We are also grateful to the referee for a number of helpful 
suggestions for improvement in the article. 
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